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Ab s t r a ct

A balanced incomplete block (BiB ) des ign  wi th  h hlc~~~s

is said to have the support size ‘c * when ex~ic t1y r~~ c~

the b blocKs are d i s t i nc t .  BIB designs w i t h  b~ < b -~ve

interesting applications in dcsi~ n of exp erime~~tc and ~~~~
trolleci sampiing as explained in details in Foody and ~~~~~~~
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duced for the  construct ion of BIB designs w i t h  repc~~t c . .1

This method is ut i l ized to study BIB designr  w i t h  ~~r~~~t i ’~~’ .’

t rea tments  in blocK s of size ic 3 in genera l  ar~’ ~~~~ v

and k in p a r t i c u l a r .  It is  shown th~i
4
~ L~l~) ~~~~~~~~~ ‘.~~~~ t~

v 7, k 3, any b , and any b’W exist  if and on~~r I f ’  ~i )

b is divis ible  by 7, (ii) ( < b~ < m i n ( o ,~~5 ) ,  (~~~t )  ~~
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vector  F w it h  nonnegative integer  ent r ies  def ines  a

(v,b ,r,k,X) design if

~~~~~~~~~

Here F is t-he incidence motr ix  of pairs versus  blocKs , i.e . ,

~ is a (
~) by (Y~) matrix  with -c’~ 1 if the it- b ole—

meri t- of v)~ i s contained in the j th  element of ‘~d’h-~ a,nd

0 o therwise .  The vector  1 is a (~~~-dimen siona ]

vec tor  w i t h  all entr ies equal to 1. Tb” c o r r e s p on d  inp’ c’

and b are rou nd f rom r X ( v — l / ( R - l )  and U y r / K .

D e f i n i tion 5.1. An intei~er vec to r  1’ of dimen s Ion

i~ ca ll e d  a (v , K )  t r a d e  if’ }1’ 0. Tne r ,uc” of ’  o i l

e n t r . L .’s in a tra d e is cal led i ts  ‘~‘c iuan . v and ~c a r - c  c a l l - ? P

t h e  c ’n r a r n c ’t o I ’ n  c - I ’  t he  t r ade .

Poody and I l ed ayn t ( l o U )  ~ howeii t h a i ,  [‘ci- e ixer  cci c

the m a t r i x  F has ranic ~
‘ 

. ‘i’ h e r ’ f ’ore , Lh ~~c”c ar c ’  p r e ”~~s’nly

— ‘
~~~~~~~

‘ in dependen t  (v  , cc ) t r aP ‘n w h i ch  f P ’ ? - : n  - ‘ ‘n o f ’

the  ~ccc rnel of 1’. ~ote thi~t, if 1”~ ‘i!n1 1-’,~ (Lr ’ t ,;-;c, 
~-
,“J~ a’’—

si gns w i t h  thc s ame ‘-‘al ucs oI ’ v , i~, and X ‘~he r1 —

l~~ a (‘i ,R) t rad e.

The problem of con s t r u c tin g  t r ades  Is d t f f . l c u l L  aut ‘:“r :.’

impor tan t  In t he t h eory of B I B  desi gns in general  lI riCI F 1 ’  cU-i-

signs w i t h  repeated blocks in p a r t i c u l a r .  H e d a yat  an.i U L

( i p T h )  presented techni ques for  cons t r u c ti n i  t r a ues  ;-,‘h” :

k i .  It is important  to note t h a t  i f ’  T Ls a (v , I ;) : . t ’ - i d ’

then a rorrespond~ np (v ’ ,K ) t r a u n . or ’;’ > a :T , :c 1’ .’ ~‘ re—

________ ~-!~~ T~ ±y~,,., . —’ - r ~
-- c :.~~r~~~~~’



5

duce d by inse rt ing  into T zeros correspond ing to tne bloc5s

of v’~~k -

Herea f t e r  if we do not mention the parameters of a t- sade ,

ci t b - c t }~~ ’,’ a c ’ -  ~ i r i c ; i a P r r i n 1  , c’r th:’’j con 1- . - (.‘‘.~‘‘‘:~‘ I  ~ c’ c’:’. ¶ -

:ofl tn ’  \

it  is easy to see t ha t :

Lemma 3.1. Let F ‘be a BIB desl~~~. For every t rade  ‘I ,

the vector  F’ + T is another BIB design wi t h  t he  same pa. c-a-

meters provided tha t  all of’ ,its entries are nonnegative .

Als o , It is clear tha t  any BIB design  shari ng the  SC, . :c ’

p arani et e r s  wi ,th  p can be wr i t t en  In the form p + ‘1’ f c r

some t r ade  ‘r. There fo re , in order to searc h for  all B L U

des!(’iriS w i th  the same parameters  as F, it s u f f i c es  t o  in-

v o st ip a t e  t h a  t rades .

If ’ a bl oc lc ( x - 1x2 .  . .x~~) is the ith elecacut of v Tic

in  tb- ’ l~ x i cn ,- ; raphical  c’rder , then this  h ioch  sh ould be id’~n—

t i  f ’i -L I  w i t h  the  ( ‘ — di. ;nensi’:.’n,al column v e c t o r  whos e en~-r ies

ar c ’ a ,1l z~-rO s exc ept  that  t he  i th  ent-rp is 1. Thus , if

are blocks arid t ,~ are in ter Ior s , then  ~-t~~B 1 
is a lso

der i t l i ’h ed w i th  a . ‘~~)_ dlmen s iona 1 column vec tor ; this v e c t o r

a t r a d e  if a n t  only If , P-ar every  [lair L x y ) ,

( R )  L, ~~ = 0

j  ::~~~ ( x:i )

________ _____ _____________  ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ _____
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Hereaf te r  we shall r e s t r i c t  cur a t ten t ion  to the case K = 5 .

So a block s imply means a t r i p l e t .

Through the following examples  of t rades , ‘~-:e shall fami l i -

arize ourselves wi th  the no ta tions  def ined in the above.

Exarnpl o ‘5.1 is a t rade w i t h  the smallest volume . Examp ic ’  5. ’~
is a t rade wi th  repeated blocks . Example 5 .3  exh ibit s  t r a d e s

of volumes 6 , 7 and 9 whIch wil l  be needed in p r ov inr I

Theorem 5.1.

~ xarnp 1e 5.1. Let v 7 . Then ( 125 ) -+ ( 146 ) ~ ( i ’~~ i )  +

( 55 6) - ( 124 )  - ( 155) - ( 2 5 5 ) - ( 3 - ~6 )  r ip r e se n t s  a t rade  :‘f’

¶r o lurne 4.  l’ hen this t rade i s  added to t h e  BIB desipu

( 124) + ( i~~()  1- ( i ~~~) + (~:y~) + (26,- ) + s~6) ~ ( 4 ~ ’, ) ,

obtain another BIB design  (125 ) + (137) ~
- (~~~~6) + l, i ::34) -i

(267)  ( 356 ) + (4 5 7 ) .  In o th er  word s , fr r:’t thc  f i r s t  d : —

sign t h e  four  h l ock~ ( 12 4 ) ,  ( 156), ( 23 5 ) ,  accci  ( ~,5) t’a’.e

been t raded for  the bloci~s ( 125), ( F i G ) ,  (~~~ ‘~ ) ,  ar.~i (
~~~~~~~ )

to obtain the second design.
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.. . , ~~~~~~ ~‘ civc ’r the Cii  non  TI F “s ( 1 1 , 2 )  - ( i  -
~) o~~’~ H 

~ )

,i’cub l~: n c d  a ” 1 oth’’c ’ pairs  cc ‘Lr iO l y .  ~~~‘ cc c c c e - - t r r  an.1 ( 3 . 1 ) ,

:-,‘-a rn ~, ’ ~SSicm” t h n t ,  ( d c c ’ c ) ,  T~ = (II >Is ) ,  B , ( i s ? - ? ) .  -

( ‘  i i : ) ,  ( :~~~~s r ) ,  an~ ~ -~ (2 :H ) .  I O 1 - ~ 7C  F
‘2 v er i : i c;  - c i ~~’- ~ni;i ‘cs l i l p l y  t i n t ‘1, -: , i-? , cc , ri~”i d i ~ ‘Br  ‘cC

‘il’~u i ’ -~~C~ O C  t b ’  ~~~~~~~~~~~~~ ~ -e C ( - ‘i ,~~, - , 5, I’?h11 ’}I F-~ i,c,?r’ C ?’SC—

Li - S  i ” 'SIC C~ , fl’) to ~‘y’ne :01 L on B’hnorcc:.c ~ .2 -as f’: L 1rn- .-~

C : i c r ’ c ~c’ r~o ( 7 . 3 )  -t r a d e ,  ‘7 , Of’ volwuie ‘It c 1 In the form

H-f ], (‘ 4-i
T ‘‘ y- 

~ — a
Hi L- ’~ t

: ‘ai. t h r’-rn!” n n C) ’ - s :  (~ ) ‘:0’ ai]- L , B. r o d  B . a : ’ : -  rc~ ‘F, ‘1: ’ ‘-‘.: 

-

O f ’  5 1 0 c c  ‘3 un o n d  ‘el  {i ,2 , . . . , 7 J :  1, 1 1 )  
~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~ ~,‘- _ -5? 
-

a B.LB( i’ , ’1 ’ t ; . ~~~ ~~. t )  cl - - n i  rc n ;  ( C i i )  i - -~~ 
0 ?or a ‘ F t

H!’, L B s  ~3-aI c ’ a i i : ’ a i ; ) e ’c  Ca) a 05 i,~ ’ ’  ‘Ffl ! . l L - 7 i 0 , ‘ a r O S ? ’ . ’ H. 1.0

fl r r- 5i ~ t , . -

H i .  c - c ’; (B 1, J H ,  • 
~~~~~~ 

,

~ 
5 i c e  n ’c~,’ 11 - 1 ]  ‘

~
‘ , t~’ .~~~ . - , : -

d n s i ; - : c c , H’cc~ ) ,  
~~~~~, 

= ( i . 2 - t ) ,  ~- ( ‘ F H ) ,

Ti
4 

(, i 5 ’ f ) ,  ~~~, (1 -
~- - ) , 

~~~~
- - -  ( i t , ’ ) ,  B . ( 1 - 6 ) ,  P~ (2 H ) ,

( c c  ~cc ) , 
~~~~~~~~ 

~
- (cc  -‘i~ ) , = (2 1 , ’ )  , F12 - - ( 5~~(’) , ,. = ( - , ü)

- - ( C c ; ’, ’ ) ,  and  ‘~ ~ ( ‘~u ( )  . itien des B l oens  C c i ’:t~ ~, h c  : ‘ - — 
-

: ] t i r - ’? r i t n - - i- -c .  in net th is  a;-rac:rp !,r’ .5 1 0 ) L l f : I c c  1111 50
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Un ~halJ.  need th is  ccxo . cn l e  Cu Bc: ’t )  - -C ~-d i c n ,-~ - o - ’ i c cc I; n e

F3 .Lu des ~ tl I’, ) Cl cuppoi’ C s i,n- ’c ct ‘ ro:ci i c r  ‘ : Cd H cc - - - :

o ff .

H An rcunjB,e,aHi,on of LBI fl ] TLF51 (I a,: i ’ c- ’ i , ’~ -B ’ ’ : ‘:j B

sir’ns based on -ï L l ’e-a tmnl’i t o  i~ 2 B~; - k ~ ~s- ~ L-,:t T~ 1, 11 - ‘He

:i C S ) C 3 115  I n  th is  se c t i o n  re(’nc’ to  B 1 F i ( ’ ’ ,b , i’ , , 3 , X )  i

b~~~nd on the set  of ’  ~y raBOis [1, 2 , .. . , ‘i ’ J . t’c’ ,n :: t r i o  c’ - ” ’ F n  : — as

bk and 1 ( v — i )  t ’ ( l t — l ) ,  - : n c  sin c -e -~ C h i t 1’ Su IT - h

a : ; n l i C , L p i ,n ci . A ’F ,so , I- ,’O 1) 0 11 1  - ‘ 1311/ 1 - ,cc i 1

( ‘H -i U  C) i 1 n )  a I n ‘-“ t ‘ilL the  I — 1 r Jb1 r ~ ,

C I d is  i;iri c t C :Lac ~~ a n - a  r iced-e - -,F ~n a d ‘cs : 5 ] ] ,  T:~,Cs roe a :15

tha i ;  h~- > 3 .  in n o  e t ic i l i a t ’, IC  :‘ atie:- :n t h a C  eva’ - ’:: - 3

a-i Lb b = -
- f’s is omorph ic  La H f l I tn  p c’ c- , i en  1 C’: : -0 11-1

ci” c - a t ’s’ f ’ .

?ira ecc i,St .’nOol or r)onexisi;enlne Of ( led I ~‘, nc: ;‘; l t ,t c ;, rx b and

h a s  been d e tr r ~iined .

I I . S. ‘ c’ T I L  ‘)  ni; : 00 - 
~~~~~ here r:cc.o-t:’,

a i ’ F L B (  r ’ ,b , ,’H , X l C ’~~) ‘i -a n , . “ i - J  
~~~~~~~ 

‘h: .‘i Lt-1s~

( i )  F r  ‘ 
_ _ _  ~~~~

( i i )  B ” - :cCn (h , sr .)

( : 1 ) b~- j
~~’F , 0 , 10, 12 , or 16

( C v )  ( i~ ,~~ ) (2 8 ,2 ) 1) ,  (;:8,cc ’( ) ,  ( 5 ~ , 5 o ) ,  ( 2 0  ,~ cc,),

(55,55), (55 ,34), or (-H ,3 !4 ) .

—i k ~~~~~~~---- -~~~~~ 
-— - -  

~~~~~~~~~~~~~~~~~~~ . - ,,
~~~.- .  —~~~~~~~~~~~

-— -
~~~
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Fro of:  First  we show the necess i ty  of t l i e s e  c oa l i t i o n s .

Conditions ( 1)  and ( i i )  are clear from the d i s cuss ion  pr~-

ceecling,  the theorem.  Theorem 5.2 in van - m t  arci Ryser  (~~972 )

sh ows b* can never be 8. P os o tch ln cc ky (1977) showe- ,f t h a t

b* ~~
- B ,  10 , or 12. H ed ayat  and Li (1977) con j ec tu red  tb -s non-

exis tence of’ BiB desIgns wi th  b * = lb. in response to ~~~~

conjec ture , Belden (1577) proved t h a t  b* $ lb If b 21.

1- tecent ly ,  Foody (1978) es tab l i shed  the t r u t h  of the c o n j ec t u r e

by showing t ha t  b* ~ 16 for  any b.  The se e s t ab l i sh  the

necess i ty  of condi t ion ( i i i ) .

in order  rcot to d i s rup t  the cont inu i ty  of the ar, Tu~ ent ,

the  r a t h e r  lengthy proof of the case when b = 28 and  b *

Is de t ”r r ed  to Sect Ion 5. ~ e now prove tha : there  is no F -t B

desli-c ri , d , based on b = 28 b 1oc 1~s cons ist ing  of exac tt :- ,’ ? ‘
~

distinct blocks. If’ such a design exists we may a s sume , t~’

symmetr y , that the un ique  doubled block in the  ‘Jesi ;’n is ~if’~~) .

Let the 8 blocks that are missing , in comparison to d (7,l),

he denoted  as 131, B2,...,88. Thus T~~ ~- ( 12F- ) for  al l  I.

A dd i ng any B I B ( 7 ,7 ,3 ,3 , l ) des i i~ns to d a r c- - 1 s u b t ra c t  In - c  f r o m

the  r e s ult i ng  desI,3r1 , the design d ( 7 , 3 - ) ,  ‘-:e obta in  a t r a de

which does not exist by Theorem 3 .2 .  ThIs c o nt r a d I c t i on  ori~~—

lna t ccr Fr om the  a s s u m p t i o n  of th e  e x i s t e n c e  of’ the  -r~e5I 1- - :c1 Cl .

‘~1n ’n b ~5 , t h e r e  are  no BIB de ’cIs;r’ ic bCt s ed on -cxli i? lB v ~ cc ,

~2 ,35, or 3~l dI st i nc t blocks . Bec’ use 1:~ t h e r e  u x l s t ’ a -,3 c u a f -

a des ign , I t s  d i f f e r e n c e  from the comple te  d~.sIgn woul-i be n

t ra de 01’ volume 5, 3, 2, or 1, which d oes not ex i s t  to-,’

Theorem 3.1. Thus (b ,b *)  ~~
- (~ -~~, I ) ,  1 30 , ~- f ’ , ~~~~ , or 5 4

_ _ _ _ _ _ _  _ _ _ _ _ _ _  ____  — _ C~~~:~~~~~ — -~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-
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All  that is lef t  to prov e for the necessi ty part  is to show

that there is no BIB design with (b ,b *) ( 2 42 ,54 ) .  Suppose

there exists such a design . By symmetry , we assume this design

is equal to d ( ’t’,3 )  — ( 123 ) + ÷ B2+ . . .+B 8, where 
~~~~~~~

, 
~~~~~~~~~~~~~~

are blocks not equal to ( 12 3 ) .  The proof now follows from

Theorem 3.2 in the Sa n e  way ~~~l1 Ifl the ease ef’ (B ,b -~-) (2:-~,? “).

Un not-i p r c : v e  t h ’  on r’ I -) 1n -f b’; (lOflS f - rU - ’ t:on . ~‘or ~-‘i,:b

feasible b* a F~lB de si g n  with  m’ in i ,;num p n o s i h~~e ~
‘; i n

exhibited in Table ],. Examples 24 .1  and 2 4 . 2  below e~’:plain toe

way the designs in Table 1 were  obtained through ‘he  rnet b a-i ,

of t rade o f f .  Table 1 does not contain al l  the d e s i o r i s olai::’-H

in the theorem. To see that  the missing designs er - c i s C , note

that  if there  exists  a BIB design with b blocks which contains

a sub BIB design wi th  7 blocks ~Bon one em cOr~s toe .  C a

with b i- 7 blocks and t lie name 510)PC-l’t. n a-a hy s i a n B v  n I r -

a COPY of th~ nub  des ign  to ~l’c~ r~en~ ~, n .  j-,li - r n  IS’S’ I :i ’~ 
- B

‘ ,‘ah le  1., except when b = b* = 21 , contain t he  BiB sesign

12-3 167 256
155 237 3~~6

To cons t ruct FIB designs with b’X 21 and h > 2 1 the de-

sigr. w it h  b* = 21 and b 28 should be used . We may

mention that  no BIB design ~;I th  b = b-~ -
~ ~i can ‘;r i ~s- i~~

sub BIB design .

Ex ample  4 .1. Let F denote th~ des Lgn ( l 2~~) + ( l3 i~) +

( 156 ) + (23 5 ) + (2246 ) + (367) + (24 5 7 )  and T the  t rade

(127) ~ (i~~6) + (236 ) + (35’() - (126 ) - ( i s v )  - ( i cc~’, )  - (~ -~ t 1) .

Then d ( 7 , 3 )  plus i~ minu s T is a BI~ design w i t - h  H

b lo cK s .  Sinoe only the two bloc rs ( 2 ’ 3 d )  a rid ~~‘30 ’I )  a r e

- ‘~~~-— ----— -- --- ‘ - ,~~~~~. ,~~~~~ l~ iTdi!~~”5 -~ ‘-~~~~ ‘l ~~~~~~~~~~~~~~ ~~~~~~~~~~~ __2i~~~~~r. - -~~~~ - - ‘
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missing from the design , the support size is 55. This th-—

sign is in Table 1.

Example 4 .2 .  Let B1 and Bi, , 1 < i < 15, be blocks de-

fined in Example 3 . 2 4 .  Let F denote the design B1-4- ..
and T the trade B1+ .. .+B 15 

— B1—
...—131 Then d ( 7 , 3 )

plus ~ minus T is a design with b = (~
) + 124 = 249 .  Only

the block (125) is missing from this design . So the support

size is 34. This design is in Table 1, too .

5. Nonex istenc e of BIB Des ign With v -~ ~ , k = 3 anJ

(b,b*) = (28 ,224). The proof is by contradiction. IIssulile t hat

such a design ex ists and let C 1,c: , .  . 
~~~~~~~ 

be the elevnn

blocks missing from the design . Let F,~, B~ , B 5, and ~ be

t he rema inders when 2~ distinct bloc}cs are removed Ire-a- the

design. Then C1+...÷C11 covers each of the (~~) pai rs

exactly one more time than + B2 + B 5 ± B 4 does . Frc~cn

this observation ~.e want to deduc e some necessar:,’ c ondi tio r,s

on the B blocks and - i  

Lemma 5.1. B1, B2 ,  B3 ~ nd B4 are d is t inct blocks . —

Proof: Let B, -
~ B2 = (123). We want to der ive a cont ra-

dict ion.

There are three c blocks containing the pair (12), three

containIng (13), and three containinr (23). These nine blocks

- -f-— —~~~-‘~~~~~~ __~~ —- - --~~~- —~-_-~~~~~ -- ;: ~~~~~~~~~~~~~~ ~~~~~~~~ ~~
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are all d i s t i n c t , because ( ‘? 3 )  is rio t a c ~c-1ocK . Th-~ r a —

remaining two C blocks mus t cover (~~5) + ( ‘~6)  ÷ (
~ 7) ~ (~ o) +

+ (~ 7) + ( 6 7 ) ,  which is impossible.

Coroli~ ry ~ .1. B1, B2 ,  I33~ B~ , C1, . . . , 011 ar e  all d i s t i n cr

blocks.

Lemma . 2.  No ~~~r is contained in m or e  t h a n  t~~o B

blocks.

I roo f :  A snume that  the p - a ir  (12 ) is con ta ined  In t h r ee

B blocks . 2-o t he re  are fou r C blocks conta inIng .  th i s  p a i r .

Eu ’c t : - -ar u  a r c  s imp ly  no seven  die  t i nS ’t  b ) o c l c s c o n t ain i r r~ one

s l n .r l -  ~) -~i r .

I - ~~sc’ I~~ ~~~. .  J\t most one pa i r  is doub ly covered

P - 
~~~1

~‘roo f : Ao r umc tha t t he r e  are at least  two pairs  thm t are

‘1oub L~’ cov~ re-i  by B1 4 B2 -~ B-~ + . Rn-a :7J e-~: t h va ~~~~ : 1~ I - :o

if n - : e a s a r ~, ,  we ma y  on sum e  that  one o ’ t h s  fo11o~-: tn- - 0 r a u r s  •

( 1)  ~3. ~
- (1~~~) ,  B2 ~~~~~~~ (13~t ) .

(ii) = (i~ 3) ,  B2 ~~- ( 2 3 ” ) ,  B3 = (~~ s) .

~iii) =- (i~ 3 ) ,  Br = (? 3 ’ ~~) ,  B3 (~ s6 ) ,  ~~ =

(lv i B1 = ( 12 3) ,  F2 = ( E 3~~) ,  ( l~~~) ,  ~~ ( J i ~ h ) .

( v )  Bi = (123), B2 ( :~3’j , 137 (~~ 6 ) ,  ~~ , 
=

(vi) B1 = ( 1 2 3) ,  B2 ( 2 3 4 ) ,  B
3 

= ( L I ~~o ) ,  ~~~ ~~~~~~~~~~

I L — -~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Case (I): The pairs (13), (~~~~~) and (524) are at least t r iply

covered by C blocks . So nine of the ~ blocks must be

( 135), (136), (137) ,  (235) ,  (236), ( 2 3 7 ) ,  (~-4~ ) ,  ~~ 246), ~~~~

(347). in particular, there are three C blocks containing

the pair (55). But (55 ) can be contained in at most err ’

B block.

Case ( ii ) :  The pairs (25) and (34 )  are at least  t r iply

covered by the C blocks . We may assume that C], ( 2 5 5) ,

C2 = (236), C3 (237), c4 (1324), C
5 

(3246), and C6 
— ( 5 2 4 7 ) .

In particular, the pairs (56 ) and (57) are doub ly covered

by these blocks . So B4 must be (3 6 7) .  But then C 7 + C8 +

C9 + C 10 ÷ C 11 doubly eov- r-s ( 12) and (214 ) but doe~ not

cover ( 2 5 ) ,  (2 5) ,  ( 2 6 ) ,  or ( 2 7 ) .  Thus , two of the blocks

must both  be equal to ( 1 2 2 4 ) .  A contradict ion!.

Case (iii): The pairs (23) and (35) are trip1 .~ covered by

the C blocks . We may assume that C1 = ( 25 5 ) ,  c~ rrr ( 2 3 6) ,

C 5 = (2 5 7 ) ,  C~ (135), and C
5 

= (~~~2 4 5 ) .  So

d oubly covers the pairs (56 ) : s - ~ (~~‘() , t e ~. ~ o - s  n-a-~ ‘s~ 
- ‘-

pairs (i~), (25), (55), (45). Thus two of the C blocks

must both be equal to (567). A contradiction!.

_____________________ - -- -.-.-- - - -
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Case (iv ): We may assume that  C1 ( 2 55) ,  C. , (~~~6 ) ,

C
3 

= (237), c4 ( 2 k b ) ,  C5 ( 3 2 4 5 ) ,  and e6 ( 4 5 7 ) .  But

then (25 ) mus t be covered by a B block. This is a c on t r a —

diction .

Cases (v ) and (v i )  are s imilar to the preceding case.

The proof of Lemma 
~~~.3 is completed.

~1I~n h .~i .  No pair i-s coubly c~~yei-cd ~ ~- ;~~~~ -i -~ ~~~
, •

Proof: ~ssuming that E 1 (i~s) and B., (124), we

shall derive a cont.radidt lon . We :~ay let C1 = (i:::5),

= (126),  C
3 (127) .  Claim that (154) is a ~ b lock.

Assum e (154) is not . Since the C i~1oCKs at least doub ly

cover the pairs (15) and 1~l-1), foue of them rr e (l~s~), (~. -;x),

(14y), and ( 1 4z ) .  uhero  w ,x ,y,~ all b c-lonL ; to the set

[5,6,ij. Let V c (u ,x J fl fy , z J .  Then (lv ) is at  leas t-

triply covered by the C blocks . Therefore t~~e i-a ir  ( l v ) ,

as well as the pair ( 1 2 ) ,  is d oub ly covered l’y the B bloc -
~~ : ,

cont rad ic t ing  Lemm a 5 .5 .  The claim is ;Ristlfied .

I-low we may set C 24 = ( 15 4) .  S imi lar ly , ;-~e may set

= (2524). Therefore ( 5 4 )  is contained 1.n a B bloc k , and

we may set B3 (5245 ) wit hout loss of generality . From

Lemma 5.2, the block B4 can not contain both the  va.riet~~ec

1 and 2. Let us assume that does not conta in  the

var ie ty  1. So the blocks . • . ,C.~ r~ i.st cover the pa i rs

- - ---
-
:
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(is), (1 24 )  but not the p-airs (12) ,  (15) ,  (16) ,  (17) .  One

of these six C blocks must then be ( 1 3 2 4 ) ,  which coincides

wi th  C~ . A contradict ion !. The lemma is proved .

From Lemma 5. -1t , we conc lude that the fol lowing are the

only possible non-isomorphic types of the B bloc~~s.

Typ e 1: ( 125), (136), ( 1 2 4 7 ) ,  and ( 2 5 2 4 ) .

Type 2 :  (125),  (156),  ( 2 3 2 4 ) ,  and ( 24 56) .

Type 3: (125),  ( 1 5 6) ,  (2 ~ k) ,  and ( 4 5 7 ) .

The -lemma s in the seque l will  show the impossibili ty of

all these types and therefore  conc lude the nonexistence c-f a

BIB ci~~~i~~fl c’;ith v = 7, Ic = 3~ b = 28 , and h~ = 224 .

Lemma 5 .5. The eleven C h1ock~ do not  inc lud e any

B1B(7,7,3,3,l) design.

~roof :  Assume tha t  C5,  C6 , . . . , C 11 form a BIB desi~;n 1).

Then B1 + B 2 + B 3 + B 4 — C 1 - C 2 - C 3 — C 24 ~s a t r a d e of

volume 4 .  Since there is only one type of t r ad e  of 1olumc 24 ,

we may taKe B1, B2 , B 3, B4, C 1, C2 ,  O 7~ C~4 to be ( i 2~~) ,

(135),  (256), (1456), (123), (i4~~) ,  (2 116 ),  ( ~- B 6 ) ,  r — ’sp ec t ive ly .

it then suff ices  to show that every B I B ( 7 , 7 , 3 , 5 , 1) des ign

must contain one of these eight blocks . But this is st ra i~~h t —

forward to verify , becaus e a BIB (7,7,5,3,1) design is iso-

morphic to a project ive  plane of order two . W e ]~— -- -:~-e
I

the trivial details In the proof .
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Lemma 5 .6. The B bloc ics can not be of Type 1 or Type 2 .

~~ooJ : Assume that the B b locks are of e i ther  Type 1

or Type 2 .  Then we can find, three bloci-zs which , tc-~ether

with the B blocks , form a BIB design . Let  us denote r~r :ese

blocks by C12, C 13 and C~~4~ It follows tk ~~~t t~~~~~ ’ . ‘.“ ‘~~‘: J

is a BIB ( 7 , 14 ,6 ,3, 2 )  design with  support  s i z e  )~~ . I~ ~~

easy fact  that  such a design can he split ixi t - ’ ~;wo BIB 7 .  . ~
- , s. ~

designs. We may then assume that (C 6~~...~~C 11.C j~ ~ ‘- r

where j  = 5 or 12. But, from Lemma 5.B, we kno- -: j

I . e . ,  j = 12. This implies that B1 + 132 + B-~ + i~ , 4 2~ . - -

— — — 04 — C5 
is a trade of volume 5,  but  such ~- - 

~~
- Ic

does not exist accor d In ~ to Th e o r e m  ~.1.

Lemma 5 . 7 .  The B blocks can not 1)C of Type ~~ .

Proof: Assume that the B blocks are ( 125), ( 1 s 6 ) ,  (k:~~~) ,

and (1457). There are exactly four C blocks contain~ nr~ t h e

varIety 7, and they cover th e pa irs (17) ,  ( 2 7 ) ,  ( 57 ) ,  (~11) ,

( 4 7 ) ,  ( 5 7) ,  ( 5 1) ,  ( 6 7 ) .  So we may assume t ha t t hey are t~-~7w),

(4 7 x ) ,  (57 y ) ,  and (57z ) ,  where (w ,x ,y , z J  --
~ [1 ,2,3,6,1. :-:- imi—

larly , the four C blocks containing the variety 6 ar’

(16s), (16t), (36u), and (36v), where [s ,t,u,vJ = [2,)4,5,7 J .

Consequently the un ique C block cover ing ( 6 1 )  must  cont ain

a variety between 24 and 5 and also a variety between 1

and 3. This is of course impossible .

L — - 
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6. Closing remarks . An obviou s wa~ of obtaining a PiB

design with repeated blocks is by combining together two smaller

designs that overlap on some blocks . This techni que has U~ en

incorporated in several constructions in the prevIous sections

and has been used by Hedayat and Federer (~~~7~~) in other con-

texts. But a technique based on compos ition alone does not

always serv e for the purpose of constructing new designs .

For examp le, since no BIB design based on v = 8, k 3 :-:~ th

b < (
~
) exists , so composition techniques do not apply tc~ the

construction of desir~ns with blocks . In some cases

design may not contain a sub-design although smaller desi~ os

with the same v and Ic exist. For example , the design

with b = b* = 21 in Table 1 has this property. 1Ic-uevor , Jr1

constructing BIB designs wIth reduced supper:- sizes , the :ethcd

of trade off is essentially n cs u m p t~~on f r e e .

~~~- O ~~~~~~~~~~ -~~~~? r t  ‘ the  outhc ” : ;  
~~~

, i t  ~ -~~~‘ the ~-n~’er- e f~-r

n- -- t ~ which i~~ rc :-~d the 
- -~~ of the caper. 
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